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We derive an effective Hamiltonian at low energies for bilayer graphene when Fermi velocity
manufactured on each layer is different of the velocity measured in pristine graphene. Based on
the effective Hamiltonian, we investigate the influence of Fermi velocity asymmetry on the band
structure of trigonally warped bilayer graphene in the presence of interlayer applied bias. In this
case, the Fermi line at low energies is still preserved its threefold rotational symmetry appearing as
the three pockets. Furthermore, the interlayer asymmetry in Fermi velocities leads to an indirect
band gap which its value is tunable by the velocity ratio of the top to bottom layer. It is also
found that one of the origins for emerging the electron-hole asymmetry in the band structure, is the
velocity asymmetry which is large around the trigonal pockets.
PACS numbers:
I. INTRODUCTION
One of the great interest to study bilayer graphene
comes back to its potential application in nano-
electronics, thanks to opening a tunable gap by means of
an applied electric field1–7. Low energy band structure of
bilayer graphene undergoes an asymmetric shaped named
as trigonal warping (TrW) for energies lower than the
Lifshitz energy1,7–11. TrW is originated from the skew
interlayer hopping integral between Ad − Bu atoms in a
Bernal stacking bilayer graphene. Although TrW is ef-
fective for only very low energies (of the order of 1 meV )
in the dispersion, it has a significant impact on the min-
imal conductivity such that conductivity increases to six
times as large as that for single layer graphene11,12. In
the absence of inter-valley scattering, TrW causes to sup-
press weak localization13. Moreover, TrW affects magne-
totransport and scaling properties of a bilayer graphene
in the Corbino geometry14. In a junction containing of
two trigonally warped bilayer graphene in which two bi-
ases are applied with opposite polarities, two topological
confined states emerge inside the gap15.
The electronic properties of graphene can be mod-
ified by many scattering factors such as structural
deformation16, doping17, dielectric screening18,19 and
electron-electron interaction20–22 which give rise to a
change in the Fermi velocity of charge carriers in each
graphene layer. Some of structural factors can be
enumerated as strain16, modification in curvatures of
graphene sheets23 or generating graphene superlattices
by means of a periodic potentials24–26, lattice incom-
mensurability with the substrate27, a twist in bilayer
graphene28 or folded graphene29. So a modification in
Fermi velocity of carriers induced by strain and curva-
tures such as nanoscale ripples or envirnmental factors is
an inevitable event during an experiment especially for
a bilayer graphene grown on a substrate in which layer
symmetry breaks30.
A change in Fermi velocity of Dirac fermions in mono-
layer graphene only leads to a renormalized Dirac cones31
while an interlayer velocity asymmetry applied on bilayer
FIG. 1: Schematic view of bilayer graphene with Bernal stack-
ing. Sub-lattices for the bottom layer (Ad, Bd) and for the
topper layer (Au, Bu) are coupled to each other with two skew
interlayer couplings, γ3 and γ4.
graphene induces an indirect band gap which is control-
lable by the velocity ratio of the upper to lower layers32.
Let us mention that our last study on band structure
modification induced by velocity asymmetry was focused
on high energy excitations with 4 × 4 full Hamiltonian.
However, the influence of velocity asymmetry on TrW of
bilayer graphene at low energies around Lifshitz energy
has not been investigated. Regarding to the importance
of TrW, we derive an effective 2 × 2 Hamiltonian which
describes low energy massive Dirac fermions in a bilayer
graphene when Fermi velocity of charge carriers itinerant
in each layer are different. By analysing term by term of
the Hamiltonian, the influence of velocity asymmetry on
the TrW deformation is investigated while an interlayer
electric field is present. Emerging an indirect band gap
when a small vertical bias is applied, can have significant
effect on conductance through bilayer graphene. More-
over, it is proved that such interlayer asymmetry in Fermi
velocity is able to generate the electron-hole (e-h) asym-
metry in the spectrum.
This paper is organized as follows. After the introduc-
tion, in Sec.II, the effective Hamiltonian is derived by
projecting the full Hamiltonian on the non-dimer sites.
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2All results are presented in Sec.III which includes the four
subsections. Trigonal warping modification induced by
Fermi velocity asymmetry is investigated during Sec.III A
when no external bias is present. By applying an exter-
nal bias, the spectrum and e-h asymmetry are studied in
Sec.III B. In Sec.III C, the influence of the weaker skew
interlayer coupling (γ4) is shown on the e-h asymmetry.
Finally, a general form of the spectrum which results in
the indirect band gap is analysed in the presence of all
terms of the effective Hamiltonian. At the end, Sec.V is
devoted to the conclusions.
II. EFFECTIVE 2 × 2 HAMILTONIAN
A bilayer graphene with Bernal stacking is modelled
such that two monolayer graphene are coupled to each
other by using the dimer sites (Au − Bd) coupling γ1
and the skew interlayer coupling γ3 between the non-
dimer sites (Ad − Bu). The A and B sublattices in the
upper layer have an additional interlayer skew hopping
energy γ4 with their correspondence sublattices in the
lower layer (Au−Ad and Bu−Bd couplings). The tight-
binding Hamiltonian describing the band structure near
the Dirac points was presented as the 4 × 4 matrix in
the basis of the atomic orbitals sorted as Ad, Bu, Au, Bd
in the unit cell33. Here, since the Fermi velocity in each
layer could be altered inducing by many factors such as
strain, defect scatterings and so on, the following Hamil-
tonian is proposed based on its original one33 but with
different Fermi velocities on each layer.
H =

−u/2 v3pi −v4pi† vdpi†
v3pi
† u/2 vupi −v4pi
−v4pi vupi† u/2 γ1
vdpi −v4pi† γ1 −u/2
 (1)
where vu and vd are assumed to be the Fermi velocity
of electrons in the upper and downer layers which might
effectively differ from the velocity measured in pristine
graphene. Here u is the interlayer potential difference in
the on-site energies: εAu = εBu = u/2 and εAd = εBd =
−u/2. In addition, two velocities are defined in based on
the interlayer couplings as v3 =
√
3
2~
aγ3 and v4 =
√
3
2~
aγ4.
Here pi = −i∂x + ∂y. An effective 2 × 2 Hamiltonian
is derived around the Dirac point at low energy limit
which describes the spectrum of those orbitals belonging
to the non-dimer sites Ad −Bu. The above Hamiltonian
is divided into four blocks as the diagonal blocks h11 =
−u/2σz + v3(σxpx − σypy), h22 = u/2σz + γ1σx and off
diagonal blocks,
h12 =
(−v4pi† vdpi†
vupi −v4pi
)
, h21 =
(−v4pi vupi†
vdpi −v4pi†
)
.
The eigenvalue equation of the above Hamiltonian is
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FIG. 2: a) Contour plot of spectrum showing trigonal warp-
ing for different Fermi velocities of electrons in the up and
down layers, ξu = 0.5, ξd = 0.6 and γ3 = 380meV . b) the
band structure along the kx axis for two values of Fermi ve-
locities, ξu, ξd. Here, there is no gate bias. The weaker skew
interlayer coupling is also considered to be zero, γ4 = 0.
written as, (
h11 h12
h21 h22
)(
α
β
)
= ε
(
α
β
)
(2)
where the dimer orbitals can be extracted in terms of the
non-dimer orbitals as the following β = (ε−h22)−1h21α.
In fact, to obtain projected Hamiltonian on the non-
dimer sites, those terms which are related to the dimer
sites must be finally eliminated at low energies. This
method is presented in Ref.[33]. By substitution of β,
the eigenvalue equation is approximated in low energy
limit as
[h11 − h12h−122 h21]α ≈ εSα (3)
where S = 1 + h12h
−2
22 h21. By defining a transformation
like as
α = S−1/2ϕ
, the effective Hamiltonian is read as
Heff ≈ S−1/2[h11 − h12h−122 h21]S−1/2, (4)
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FIG. 3: a)the band structure, b) the e-h asymmetric factor
r in terms of kx under application of small perpendicular bias
u = 5meV .
where
S = 1 +X, X = h12h
−2
22 h21. (5)
For small values of X, we have S−1/2 ≈ 1 − X/2. In
these approximations, the system parameters such as
|γ3|, |γ4|, |u| are too small in compared to γ0. There-
fore, in our calculations, these parameters are kept upto
the linear term while the momentum is kept upto the
quadratic term. As a result, the effective Hamiltonian is
derived as the following,
Hˆeff = hˆ0 + hˆw + hˆu + hˆ4 (6)
where
hˆ0 = −vuvd
γ1
(
0 pi†
2
pi2 0
)
hˆw = v3
(
0 pi
pi† 0
)
hˆu = −u/2
(
1 0
0 −1
)
+
u
γ21
(
v2dpi
†pi 0
0 −v2upipi†
)
hˆ4 =
2v4
γ1
(
vdpi
†pi 0
0 vupipi
†
)
.
(7)
To check our results, we derived exactly the same form
for the effective Hamiltonian by using another equivalent
method, namely as the greens function method. This
method is presented in the Appendix A. The Lowdin par-
titioning method34 is also a general and powerful method
which could be applied to derive this effective Hamilto-
nian. This method also concludes the same results for
the effective Hamiltonian as proved in Appendix B.
As a conclusion of the first term hˆ0, the effective
mass of chiral electrons in the parabolic spectrum de-
pends on Fermi velocities in the up and down layers,
m = γ1/2vuvd. In this Hamiltonian, hˆw is responsible
for TrWs while hˆu is denoted to the applied bias. hˆ4
shows the influence of the skew interlayer coupling γ4
on the spectrum. Therefore,the general relation for the
dispersion of the effective Hamiltonian is derived as the
following formula,
E± =
1
2γ21
{k2[uv2F (ξ2d − ξ2u) + 2v4vF (ξu + ξd)γ1]
±
√
k4x2 + 4k2v23γ
4
1 − 4k3v3γ21x cos(3ϕ) + (uγ21 − k2f)2 },
x = uv4vF (ξu − ξd) + 2v2F ξdξuγ1,
f = uv2F (ξ
2
u + ξ
2
d) + 2v4vF (ξd − ξu)γ1.
(8)
where ξu = vu/vf , ξd = vd/vf . It should be noted that
hˆw has also the same momentum dependence as hˆ0. How-
ever, it just gives a small additional contribution to the
effective mass m. So we skip the quadratic term of mo-
mentum in hˆw.
III. RESULTS
In what follows, we investigate the effect of velocity
asymmetry on the dispersion of the effective Hamiltonian
in some special cases.
A. Trigonal Warping dependence on velocity
asymmetry with no external bias
Let us first focus on the gapless case in which external
gate bias is absent u = 0 and the weaker skew coupling γ4
is zero. So only two terms are remained in the effective
Hamiltonian shown by Eq.7 as
Heff = hˆw + hˆ0
. There is a triangular perturbation to the circular iso-
energetic lines known as TrW which is described by hˆw
in the effective Hamiltonian. It is interesting that at a
fast look, there is no trace of the velocity asymmetry in
the term which is responsible for TrW, hˆw. However,
as we will prove later, TrW can be changed by inducing
an asymmetry in Fermi velocity. The energy dispersion
arising from the effective Hamiltonian is given by
E± = ± 1
γ1
√
v4fξ
2
uξ
2
dk
4 + v23γ
2
1k
2 − 2v2fv3ξuξdγ1k3 cos(3ϕ).
(9)
The specific momentum of the leg pocket can be obtained
as
kw =
v3γ1
4v2fξdξu
[3 cos(3ϕ) +
√
9 cos2(3ϕ)− 8]. (10)
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FIG. 4: The electron-hole asymmetric factor r in terms of kx
for the case of γ3 = 0 and u = 5meV .
For ϕ = 0, 2pi/3, 4pi/3, the momentum kw attributed
to the three leg pockets is equal for all three legs meaning
that velocity asymmetry does not change three fold rota-
tional symmetry of TrW at low energies. This symmetry
is confirmed in Fig.2a which shows a contour plot of the
conduction band as a function of kx, ky. As a result of
Eq. 10, kw is inversely proportional to the multiplica-
tion of the up and down velocities, ξu × ξd. As shown
in Figure 2b, with a decrease in velocities multiplica-
tion, correspondingly, kw is also increasing and emerging
away from the Dirac point. Moreover, it should be noted
that the velocity asymmetry preserves the e-h symmetry
provided that the weaker skew interlayer coupling γ4 is
absent.
B. Spectrum dependence on velocity asymmetry in
presence of external bias
In the next step, let us look at the gapped spectrum
when an interlayer potential asymmetry (hˆu) is applied
perpendicular to bilayer graphene. So at low external
biases in compared to γ1, Hˆeff is written as:
Hˆeff = hˆ0 + hˆw + hˆu (11)
Still it is supposed γ4 = 0. In this case, the energy spec-
trum is extracted from the effective Hamiltonian of Eq.
8 as the following.
E± =
k2uv2f (ξ
2
d − ξ2u)
2γ21
± 1
2
[
k4u2v4f (ξ
2
d + ξ
2
u)
2
γ41
− 2k
2u2v2f (ξ
2
d + ξ
2
u)
γ21
+
4k4v4fξ
2
dξ
2
u
γ21
− 8k
3v2fξdξuv3 cos(3ϕ)
γ1
+ u2 + 4k2v23 ]
1/2.
(12)
The above equation clearly shows that the velocity asym-
metry accompanied by the applied bias breaks the e-h
symmetry. However, when ξu = ξd, the e-h symmetry
is preserved. Figure 3a represents the band structure of
-0.1 0.0 0.1 0.2 0.3
-6
-4
-2
0
2
4
6
kxInm-1M
En
er
gy
Hm
eV
L
Ξu=1,Ξd=1
Ξu=0.6,Ξd=0.7
aL
-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3
0.0
0.2
0.4
0.6
0.8
1.0
kxInm-1M
r
Ξu=0.5,Ξd=1.6
Ξu=1,Ξd=1
Ξu=0.6,Ξd=0.7
bL
FIG. 5: a) The band structure of bilayer graphene in low
energy limit when Fermi velocity on each layer is differ-
ent from the velocity of electrons in pristine graphene as
vu = 0.5vF , vd = 0.6vF , b) The e-h asymmetric factor r as
a function of kx. In this spectrum, skew couplings are con-
sidered to be the same as values reported in reference 39 of
Table.I. Small external bias is also applied, u = 5meV .
the gapped spectrum for ξu = 0.5, ξd = 1.6 in presence
of small external bias, u = 5meV . Let us define the
parameter r to measure breaking of the e-h asymmetry.
r = (|E+| − |E−|)/|E+|. (13)
The e-h asymmetric factor r varies between 0, for the full
e-h symmetric case and 1, for the full asymmetric case.
The e-h asymmetric factor depends on the momentum.
Fig.3b shows this asymmetric factor in terms of kx for
different values of velocity in each layer. It is clear that
e-h asymmetry is increased around the pockets of three
legs. The parameter r is proportional to
ξ2d − ξ2u
ξ2dξ
2
u
which is
also demonstrated in Fig. 3b. It should be insisted that
this asymmetry is present only if an asymmetric velocity
is present. Moreover, in this case, the band gap is direct
and independent of the velocity asymmetry.
C. Skew interlayer coupling effect, γ4: The
electron-hole asymmetry
To clarify the effect of γ4, the spectrum of Eq. 8 is
studied by supposing γ3 = 0. So in this case, the effective
Hamiltonian and its spectrum are written as
Hˆeff = hˆ0 + hˆ4 + hˆu. (14)
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FIG. 6: a) The momentum attributed to the conduction and
valence band edges kc and kv as a function of Fermi velocity
in the upper layer ξu when Fermi velocity in the bottom layer
is fixed to ξd = 0.7. ∆kgap = kc − kv indicates the amount
of indirectness of the band gap. b) The energy gap and also
the conduction and valence band edges (Ec, Ev) dependence
on Fermi velocity of the upper layer. The skew couplings are
considered to be the same as values reported in refrence 39 of
Table.I. The external potential is as small as u = 5meV .
The presence of γ4 can break the e-h symmetry even
if ξu = ξd. However, an other factor which can break the
e-h symmetry is the asymmetry in velocities. Figure 4
shows the e-h asymmetric factor r as a function of kx for
different values of the up and down velocities. r behaves
as k2 close to Dirac point as the following
r ' 1
2uγ21
[uv2F (ξ
2
d − ξ2u) + 2v4vF (ξu + ξd)γ1]k2. (15)
It is seen that r is non-zero for the case of ξu = ξd = 1.
In the absence of TrW, the band structure of massive
Dirac fermions which keeps its ’Mexician hat’ shape, has
a circular symmetry around the Dirac points.
D. Velocity asymmetry and Spectrum: Indirect
band gap
Finally, let us assume both interlayer couplings γ3 and
γ4 to be present in the effective Hamiltonian. So in this
general case, we consider all terms,
Hˆeff = hˆ0 + hˆw + hˆu + hˆ4.
The spectrum of this general Hamiltonian was presented
in Eq.8. In this section, it is demonstrated that consid-
ering all terms in the effective Hamiltonian can lead to
a significant impact on the band structure. The band
structure in Fig. 5a which is plotted for the two different
cases shows that the band gap is indirect for both sym-
metric and asymmetric velocities on each layers. More-
over, large deviation from the e-h symmetry is obvious
in this case. Fig. 5b confirms that for both ξu and ξd to
be lesser than unity, the factor r reaches to nearly unity
at the leg pockets meaning that a full e-h asymmetry
emerges in these points.
In what follows, energy gap and it’s indirect behaviour
is investigated when asymmetry in Fermi velocities is ap-
plied. To evaluate the band gap, the conduction and
valence band edges Ec and Ev and their attributed mo-
mentums kc and kv should be numerically studied as a
function of ξ. This is performed in Figs. 6a,b. As a re-
sult, the conduction band edge is pinned to Ec = 0 while
the valence band edge Ev emerges in the leg pockets.
This behaviour was also shown in Fig. 5a. The momen-
tum attributed to the valence band edge kv which occurs
at the trigonal pockets, decreases with ξu as indicated
in Fig. 6a. In this figure, ∆kgap = kc − kv represents
the amount of indirectness of the band gap which is in-
creased for ξ < 1. What is important here is that even
if Fermi velocities are equal in the two layers, ξu = ξd,
such indirect band gap is still present, while if we do
not consider the skew hopping integrals, the band gap
is direct in the symmetric Fermi velocities on layers32.
In fact, the skew interlayer couplings can result in an
indirect band gap even in the symmetric case of Fermi
velocity. Furthermore, the energy gap Egap = Ec − Ev
which is plotted in Fig. 6b, increases as a function of ξu
and finally saturates to the perpendicular applied bias, u,
for the velocities greater than Fermi velocity of pristine
graphene. The energy gap tends to be zero in very small
Fermi velocities.
IV. EXPERIMENTAL RELEVANCE
Recently, Raman spectroscopy of bilayer graphene re-
vealed that local strain fluctuations which emerge dur-
ing the growth or annealing process, is stronger at the
bottom layer which in contact with the substrate in
compared to the top layer which is only in connection
with the bottom layer16. This fact accompanied to the
nanoscale ripples and curvatures30,35 and also scatterings
arising from the defects and dopings17 lead to an effec-
tive change in Fermi velocity on each layer. Additional
to the strain and mismatching with the substrate27,28,
remote electrostatic interaction induced by substrate as
a dielectric screening18,19,29 and also electron-electron
interaction20–22 generate other types of scatterings which
could result in Fermi velocity modification.
On the other hand, a dramatically break of the
electron-hole asymmetry has been recently observed ex-
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FIG. 7: a) The momentum difference attributed to the con-
duction and valence band edges ∆kgap = kc − kv and b) the
energy gap in terms of Fermi velocity in the topper layer ξu
when Fermi velocity in the bottom layer is fixed to ξd = 0.7.
The skew couplings are considered to be the same as val-
ues reported in Table.I. The external potential is as small as
u = 5meV .
perimentally in graphene monolayers which is originated
to strain and charge-defect scatterings36leading to dif-
ferent Fermi velocities for the electrons and holes. Be-
sides, a significant electron-hole asymmetry was also ex-
perimentally observed in bilayer graphene by cyclotron
resonance37 and infra-red spectroscopy38. These experi-
mental evidences of a giant electron-hole asymmetry pro-
pose that one can investigate the influence of an asym-
metry in Fermi velocity on the band structure especially
on trigonal warping and Lifshitz transition. Since differ-
ent measurements have been reported in literature, we
have also checked robustness of the above results against
different values of γ0, γ1, γ3 and γ4. Table I lists some
of the system parameters measuring by different groups.
The results extracted from these measurements, are pre-
sented in Figures 7a,b which show ∆kgap and Egap in
terms of ξu. The red solid line in Fig. 7a demonstrates
that the band gap is direct for the case of Sec. III A in
which γ4 = 0. In Fig. 7, indirectness of the gap is inves-
tigated for those three measurements shown in Table. I.
As it is seen for all three cases, the band gap remains in-
Reference [39] [40] [41]
γ0 3160 3000 2900
γ1 381 400 300
γ3 380 300 100
γ4 140 150 120
TABLE I: The hopping integral energy (in meV) of intera and
inter-layer couplings in different measurements.
direct and is tunable with the Fermi velocity engineering
in each layer.
V. CONCLUSION
The band structure of bilayer graphene is modified
when Fermi velocities of the up and down layers are dif-
ferent. Asymmetric Fermi velocity is originated from
many factors such as curvatures or strain among the
graphene sheet, electron-electron interaction and super-
lattice structures created by potentials or titled graphene
sheets. In this paper, at low energy spectrum, modifi-
cation of trigonal warping and also indirectness of the
band gap are investigated. To perform this purpose, we
develop an effective Hamiltonian at low energies in pres-
ence of velocity and potential asymmetry manufactured
on the topper and lower layers. As a result of the spec-
trum, it is proved that the electron-hole symmetry breaks
whenever Fermi velocities of electrons on layers are asym-
metric.
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Appendix A: Greens function method
To derive the effective Hamiltonian, an alternative
method is the Greens function method1 to project the
Hamiltonian on the non-dimer sites. The Greens func-
tion G = (ε−H)−1 is defined as
G =
(
G11 G12
G21 G22
)
=
(
(G011)
−1 −H12
−H21 (G022)−1
)−1
. (A1)
The projected Hamiltonian on the non-dimer sites is
performed as the following H˜11 = ε − G−111 = H11 +
H12G
0
22H21 where G
0
22 = (ε−H22)−1. In the low energy
limit |ε|  γ1, it is possible to expand G022 in terms of
γ−11 .
G022 = (ε−H22)−1 = (ε−
u
2
σz − γ1σx)−1
7It is supposed that the following parameters |γ3|, |γ4|, |u|
are too small in compared to γ0 so that one can neglect
their quadratic terms during the expansion. In addition,
the expansion terms are kept upto the quadratic terms
in the momentum.
Appendix B: Lowdin Partitioning method
The Lowdin partitioning method which is based on the
Schrieffer-Wolff transformation, is a general and powerful
perturbative approach. This less known method is used
when one can divide unperturbed states into two classes.
Then the influence of one class of states is investigated on
the other class of states by using perturbation theory34.
For low energy limit, our favorite is a Hamiltonian pro-
jected on the non-dimer sites, so it is essentially possible
to divide the whole Hamiltonian into two classes namely
as non-dimer classes Ad−Bu and dimer classes Au−Bd.
An introduction of this method can be found in Ref.[42].
In this method, Hamiltonian is defined as H = H0 +H
′
where H0 is unperturbed Hamiltonian with the known
eigenvalues En and eigenvectors |ψn > and H ′ is per-
turbed part of the Hamiltonian. The eigenvector series
{|ψn >} can be departed into two weakly interacting
parts called as {|ψm >} and {|ψl >} for non-dimer and
dimer states, respectively. The main idea of this method
is constructing a unitary operator eS such that for the off-
diagonal matrix elements of the transformed Hamiltonian
H˜ = e−sHeS , would be zero < ψm|H˜|ψl >= H˜ml = 0,
in the non-dimer and dimer class of states. The Hamil-
tonian presented in Eq. 1 can be departed into the un-
perturbed Hamiltonian,
H0 =

−u
2
0 0 0
0
u
2
0 0
0 0 0 γ1
0 0 γ1 0
 (B1)
and the perturbed Hamiltonian,
H ′ =

0 v3pi −v4pi† vdpi†
v3pi
† 0 vupi −v4pi
−v4pi vupi† u
2
0
vdpi −v4pi† 0 −u
2
 . (B2)
The effective Hamiltonian projected on the non-dimer
states is derived as the following successive approxima-
tions: Hˆeff = H
(0) +H(1) +H(2) +H(3) + ..., where the
matrix elements in the non-dimer class of states is ex-
tracted from the following formulation proved in Ref.[42].
H
(0)
mm′ = (H0)mm′ ,
H
(1)
mm′ = H
′
mm′ ,
H
(2)
mm′ =
1
2
∑
l
H ′mlH
′
lm′ [
1
Em − El +
1
Em′ − El ],
...
(B3)
where the indices m,m′ scan the non-dimer class of states
and l counts the dimer states. For low energies which is
so close to the Dirac point, electrons momentum is too
small and is considered up to quadratic terms. There-
fore, the perturbative terms H(j) are ignored for j > 2.
After simple algebraic calculations, perturbative terms
are derived in the second perturbative approximation.
By applying the approximation v4, v3, u < γ0, γ1 and
ignoring quadratic terms of v4 and u in the analyti-
cal terms, one can show that the effective Hamiltonian
is exactly the same as Eq. 7. The necessary condi-
tion for the validity of Eq. B3 is as the following34,
|H ′ml/(Em −El) 1. This condition is satisfied by con-
sidering small values of electrons momentum and also the
approximations v4, v3, u < γ0, γ1.
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